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Abstract. We give explicit equations of smooth Jacobian Kummer surfaces of degree 8 by 
theta functions. As byproducts, we can write down Rosenhain's 80 hyperpanes and 32 lines 
on these Kummer surfaces explicitly. 



1. Introduction 

A 1-dimensional complex torus E-^ = C/(tZ + Z) can be embedded in P'^ by fourth order 
theta functions. Explicitly, the holomorphic map 

Er — >^^, [000 : 6*01 : 6*10 : 9ii]{2z,t) = [xqo : a^oi : xio : xn] 

is an isomorphism from E-^ to a complete intersection 



(*1) 

with coefficients 

«o = ^oo(0, rf, al = ^oi(0, rf, al = 0io(O, rf 

(see |Muj ) . In the higher dimensional case, defining equations of Abelian varieties are very 
complicated. For example, fourth order theta functions embed principally polarized Abelian 
surfaces into P^^. Flynn showed that the Jacobian variety Jac(C) of a curve C of genus two is 
defined by 72 quadrics in P^^, and he gave explicit 72 equations in terms of coefficients of the 
equation of C (^Ij). On the other hand, the Kummer surface Jac(C)/{ibl} is given as a quartic 
surface in P'^, and its minimal desingularization Km(C) is given as a complete intersection of 
three quadrics in P^. In [KJJ, Klein gave Kummer surfaces 

' xl + ■■■ + xl = Q 

hxl H h hxj = 

kjxj + ■■■ + klxl = 

as singular surfaces of quadratic line complexes. These surfaces are desingularized Kummer 
surfaces of curves 

y'^ = (^x - ki)- ■ ■ {x - ke) 

of genus two (see [OH) ). 

In this paper, we rewrite Klein's models by Riemann's theta functions. Namely, we study 
a rational map from a principally polarized Abelian surface X to P^ given by six odd theta 
functions of order 4. Applying Riemann's theta relations, we obtain defining equations of 
Km(A): 

(El) Al.Xl +AlXi-AlXi-AlXi = 0, 

(E2) Al.Xl +AIX! - AlXi - AjXi = 0, 

(E3) Al.Xi +AlXi - AlXi - A'.Xi = 0, 
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where Ai,--- ,Aiq are ten even theta constants (Proposition 13. 3j ). These equations are con- 
sidered as a two-dimensional analogue of (*1). Note that coefficients Oq, af, in (*1) are 
modular forms of level 4. In fact, the graded ring of modular forms of level 4 is given by 

oo 

M,(r(4)) = €[9^0, ol, ejo], e'oo - ^oi - ofo = 0, 

A;=0 

and (*1) gives an elliptic fibration over E[/r(4). More precisely, (*1) together with 

^ ' |22 22 22 

[^2^00 ~ '^1^11 — '^0^10 

define the elliptic modular surfaces 5" (4), which is isomorphic to the Fermat quartic surface 
([BH], [Mu] . |Shj). In our case, there are 15 quadratic equations (El), • • • , (E15) in Xi, ■ ■ ■ ,Xq 
with coefficients Af, - ■ ■ , Af^, defining a fibration of Kummer surfaces over the Siegel modular 
3-fold .42(2, 4) fTheorem l4.8p . These 15 quadrics are those of rank 4 in the net spanned by (El), 
(E2) and (E3). They are 4-terms theta relations, and we can find such relations in classical 
literature (e.g. |Coj and |Kr| ) . In this paper, we determine singular fibers over boundaries of 
^2(2,4) (section 4), and we write down 80 Rosenhain's hyperplanes that cut out 32 lines on 
Jacobian Kummer surfaces (Theorem 15. 4p . 



2. Theta functions and Siegel modular varieties 



2.1. We denote the Siegel upper half space of degree g by &g, the symplectic group Sp2g(Z) 
by Tg, and Igusa's congruence subgroups by Tg{2n,4:n): 

eg = {n£ Mg{c) \^n = n, imn> o}, 

^0 -h 



= {7 G GL2g(Z) I *7^7 = J}, J 

rg(n) = {7 G r2 I 7 = Ig mod n}, 
\A B] 







rg(2n,4n) = { 



C D 



E rg(2n) I diag(5) = diag(C) 



mod 4n}. 



(Usually the symbol Ti{n) denotes another group, but here we use it for the principal congru- 
ence subgroup of level n for 5 = 1.) In the case oi g = 1, we have ri(2, 4)/ri(4) = {±1}. For 
g = 2, we have 

r2/r2(2) ^ Sp4(Z/2Z) ^ Se, r2(2)/r2(2,4) ^ (Z/2Z)^ r2(2,4)/r2(4,8) ^ (Z/2Z)9. 



The group F^ acts on x &g by 

(z, ft) = {\c^} + oy^z, {An + B){cn + D)-^), 



A B 
C D 



and acts on {Q9 /Z^)'^ by 

A B 
C D 



al _ \Da-Ch+ \d\ag{C^D) 
b\ ~ [-Ba + Ah+\dmg{A^B) 

Theta functions with characteristics a,b £ are defined by 



, a,6eQVZf. 



1} 



{z, 0) = ^ exp[7ri \n + a)Q{n + a) + 2m \n + a){z + b)] 



and they satisfy the automorphy property (the theta transformation formula): 



(z^l^*) = k(7) det(C71^ + D)5F(a,6,5,rj,z)i? 



(z,f^) 
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where 7 = ^ ^ G T^, = 7 • ^ A^K^^) = 1 ■ {z,^), = I aiid 

F{a,b,-f,n,z) = exp[TTi{\Da - Cb){-Ba + Ab + {A*B)o) - ^ab + ^z{Cn + D)-^Cz}]. 

(see [BL] §8.5 and §8.6). We can embed Siegel modular 3-folds 

^2(2n,4n) = 62/r2(2n, 4n) 

for n = 1,2 into projective spaces by theta constants with half integer characteristics. For the 
simplicity, we denote theta constants 



(0, n) with 



1. 



by 9[''^ij{Q). Then we have 

2.2. Proposition ([vGN], [vdvSj . [Ig2l, 



a]). (1) The holomorphic map 



92,4 : ©2 ^ P^ ^ [e[[l[]](2J^) : 9Q{2n) : 0p(2J]) : 0^(21])] = [Bq : Bi : B2 : B; 



rOl 



lOi 



rill 



gives an isomorphism of the Satake compactification ^2(2,4) and 
(2) The holomorphic map 



64.8 : ©2 



[Ai : ■■■ : A 



by 10 even theta constants 

A, = eCm, A2-- 
A^ = eOm. M = 



rOO 

Loi 



LOO 



^3 
^8 = 



lOj 



A, = en{^\ 



^5 
^10 



rOl 

[00 



WW), 



gives an isomorphism of the Satake compactification .42(4, 
the map 04,8- 

(3) We have quadratic relations 



and the closure of the image of 



Al = Bl + Bl + Bl + Bl 



Ai 



Bl + Bl - Bl 



B. 



3; 



^2 
^4 



B' 



Bf + Bi-Bi, 



Bi - Bi 



Bl + Bl 



Ai 



: 2{BoBi + 52^3) 
'^{BqBi - B2B^) 
and the following diagram 



42 
^8 



^^ = 2(50^2 + 51^3), 

2{BqB2 - B1B3), 



42 
^9 



A^ 



10 



2(^0^3 + Si ^2), 
= '^{BqBs — B1B2) 



^2(4,8) 



64,8 



^2(2,4) 



62 



Sq 



Ver 



where n is the natural covering map with the covering group r2(2,4)/r2(4, 8) = (Z/2Z)^, the 
map Sq is the squaring of coordinates [Ai : • • • : Aiq] i— )• [Af : • • • : ^I^q] and the map Ver is the 
Veronese map defined by the above quadratic relations. 

(4) The 10 smooth quadrics Qi = {Ai = 0} of correspond to the closure of the locus of 
decomposable principally polarized Abelian surfaces. Therefore U = F'^ — uj^^Qi parametrize 
Jacobians of curves of genus two. The intersection Qi n Qj consists of four lines. There are 30 
such lines Li, - ■ ■ , L30. They form the 1-dimensional boundaries of ^2(2, 4); 

30 



^2(2,4) -^2(2,4) = IJ Li 



1=1 



There are 60 intersecton points of Lj's. These points are 0-dimensional boundaries. 
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3. Quadratic relations of odd theta functions 

3.1. Let C be a curve of genus two, X = Jac(C) be its Jacobian and 9 = C he the theta 
divisor on X. Let vr : X — )• X be the blow up of 2-torsion points pi, • • • jPie, and -Ei, • • • , -Bie be 
the exceptional divisors. The linear system \A'k*6 — Y^Ei\ gives a morphism of degree 2 from X 
to a complete intersection Y of three quadrics in P^. In fact, the image Y is the desingularized 
Kummer surface X/{ibl} ([GHj Chap. 6]). Let iV = be the net spanned by these quadrics. 
It is known that the discriminant locus A C X corresponding to singular quadrics is a union 
of 6 lines. There are 15 intersection points of these 6 lines corresponding to quadrics of rank 4 
(see e.g. [URl Theorem 3.3]). 

Now let X be a complex torus C'^/Q.I? + I?, and 6 be given by 6l[[|[]](z, J7) = 0. Then 
r(X, Ox(40)) is identified with the vector space of 4-th order theta functions, and a basis 
is given by 16 theta functions ^[^■'J(22;, $7). The linear system \A0 — corresponds to the 

subspace spanned by 6 odd theta functions 

Xi=^[l]i](2z,17), X2 = 0[?i](2z,f]), X3 = 0[Jl](2z,J)), 
X4 = 0Q(2z, f)), Xs = 0[l?](2z, f]), Xe = 0[lJ](2z, fl). 

Therefore the defining equations of Y are given by theta relations of Xi, • • • , Xg. We can find 
4-terms quadratic relations of theta functions in |Col §30] and |Krl Chap. VII, §14], and they 
will give 15 quadrics of rank 4. Here we write down 15 equations in our terms. 



3.2. To get quadratic relations, we apply Riemann's relation |Mul p. 214, (Rch) 



a+b+c+d 

e+f+g+h 
2 



x+y+u+v 

( n ,^)---^ 



2 



X — y — U + V 



E 



a + a 

e + /3 



Putting X 
we have 



exp[-27ri */3(a + b + c + d)\'d 
y, u = V = 0, a = b + p, e = f + q, c = d = g 



ix,n)---^ 



2 

d + a 
h + l3 



iv,n). 



h = with p,q E Z^, 5, / G 



1^2 

2^ ' 



b + y 
f + h. 



{x,nf^ 



2l. 



exp[-27ri*/3(26 + p)]i? 



b + p + a 
f + q + P 



b + a 



b + a 
/ + /? 



{x,Vlf^ 



x,n)^ 



(0,0)2 



Now put b = f 



and S = { 



P,qes 



b+p 

f + h. 



{x,nfi} 



}. We have ^bq = for q £ S, and therefore 

(o,n)2 



El 

1 



4 



^ (_l)2(*/3p+'aq)(-_]^^4t/3f>^ 



^ 1 ^ (•_;^^*(2/3+p)p+*(2Q+g)g j |-_]^^4*/36^ 



6 + a 
/ + /3. 

5 + a 
/ + /? 



(x,f])2t? 
(a;, 0)^1? 



(0,17)2 
(0,0)2, 
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where 



-1) 



(2/3+p)p+«(2o+g)g 



4 (a,/3 = (*,i)) 
(others) 



loo 



0. 



Since odd theta constants vanish, the result is 

= -eZ]{x,nfe[\\]{o,nf. 

Putting X = 2z, we have a quadratic relation 

(El) AloXf + Ajxi - AjX, 

Since r2 acts on the projective coordinates [^i : • • • : ^lo] and [Xi : • • • : Xq] via the transfor- 
mation formula of theta functions, we can easily derive other 14 quadrics of rank 4 from (El). 
We summurize the action of r2 and 15 equations in Appendix. Now we have 

3.3. Proposition. Let X = j^l? + be a principally polarized Abelian surface with 
Ai ^ for i = 1, - ■ ■ ,10 (hence X is the Jacobian of a curve of genus 2). Then the image Y of 
a rational map <I> : X — > 

z ^[OQ : e[f,] : e[l\] : : : 9[\l]]{2z,n) = [X, : X, : X, : X, : X, : X,] 

is a smooth complete intersection given by 

(El) Al.Xl 



42 x"^ 



+AIXI - AlXl - AlXl 
+AlXl-AlXl ^ ^ 



42 v2 ,a2v2 _ A2X-2 



42^-2 



0, 
0, 
0, 



(E2) 

(E3) ^io^>-3 

and the net spanned by (El), (E2) and (E3) contains 15 quadrics of rank 4 deinfed by (El), 
• • • , (E15) in Appendix. 



3.4. Remark. Translations by 2-torsion points ^0.1? + i^l? acts on the projective coordinate 
of as sign changes: 







X2 


^3 


X4 


^5 






+ 




+ 
















+ 




+ 




+ 


+ 


















+ 


+ 





3.5. Remark. The Resenhain normal form (|Igl|) of a curve of genus 2 is given by 

= x{x - l){x - \i){x - \2){x - A3) 

with 

a2 a2 a2a2 
'^l — AO .9 1 ^2 — —pTToi -^3 



^5^1 ^2^5 ^2^1 

4. FiBRATION OF KUMMER SURFACES 



4.1. Let us recall that coefficients Af,--- ,A1q of 15 equations (El), (E15) are quadric 
polynomials in Bq, Bi,B2, B^ (see Proposition 2.2). Therefore these equations define a projec- 
tive variety C P'^ x P^, and we have the projection 

^2_4 : A" ^ P3 ^ ^2(2,4), [So : • • • : S3] X [Xi : • • • : Xe] ^ [So : • • • : 53]. 

Over ^ = P^ — uj2^^Qi, this is a K3-fibration and 7r^4(ZY) is smooth. Let us investigate fibers 
over uj^^iQi. Since r2 acts on 10 quadrics {Qi, • • • ,Qio} doubly transitive, we look at fibers 



only over Qio = {B0B3 — B1B2 = 0}. We identify Qio with 



by the Segre embedding 



Seg : P^ X pi 



[so : si] X [to : ti] i-> [soto : soh : Sito : siti]. 
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Then we have a commutative diagram 

H/ri(4) X EI/ri(4) X pi 

Seg 



where e(ri, 



Ti 
T2 



©2/r2(2,4) 

and ip is given by 



02.4 



(ri,T2) ^ [0oo(2ri) : 0io{2n)] x [0oo(2t2) : 0io(2r2)]. 
4.2. Remark. The duphcation formula for g = 1 are 

)(t)2 = 0oo(2r)2 + 0io(2r)2, ^loW = 20oo(2r)0io(2r), 

n2 



700 



{2Ty 



no 



{2tY. 



4.3. Since we have Wi/Ti{A) ^ P^ - {6 points} ([Mu])> the boundary P^ x P^ - Im^ is decom- 
posed into 6 + 6 lines (these 12 lines are obtained as intersections of Qio and Qi); 



\Bn ■ -.Bo: B-i 



•[to 


: ti : : 0] 


([•So : si] 


= [1 


:0]) 






■ r 


: to : ti] 


([•So : si] 


= [0 








[to 


: ti : ±to : 


±ti] ([so 




= [1 


±1]) 




Ato 


: h : ±\/= 


Ito : ±V^ 


Iti] 


{[so 


si] = 


[1 : ±V^]) 


'[so 


: : si : 0] 


{[to ■■ ti] 


= [1 


0]) 








So : : si] 


{[to ■■ ti] 


= [0 


1]) 






[•So 


: ibso : si : 


±si] {[to 




= [1 


±1]) 




.[•So 


: ±V^So 


: si : ±V= 


Isi] 


{[to 


:ti] = 


[1 : ±^/^) 



and they intersect at 6 x 6 points. 
4.4. For = e(Ti,T2), we have 

X = £^l{m? + 1?) = Eix E2, Ei = C/{Ti'L + Z). 
The rational map <I> : X --^ P^ is the composition of an embedding 
Eix E2 — X p3, 

{zi,Z2) ^ [000 ■■ Ool ■■ 010 ■■ 9ii]{2zi,Ti) X [000 : 6*01 : 0io ■ 0ii]{2z2,T2) 
and a rational map 

p3 X p3 --4 p5, 

[xo : xi : X2 : X3] x [yo : yi : y2 ■ Vs] ^ [xoVs ■ xiy^ : X2y3 : xsyo : xsyi : X37/2]- 
The corresponding fiber ^^(3,1) over [soto : sq^i : si^o '■ si^i] € Qio — {12 lines} is defined by 

^oo-'^l ~ ^oi-'^l — TioXq = (El), 
'S'oo-'^i — 5'oi-'^2 ~ SioX^ = (E4), 
^rio('S'oi-'^i — 'Soo-'^^l) ~ Sio{ToiXl — TooX|) = (E7) 



where 



•^oo — 
Too 



Sq + Si, S'io = 2sosi, S'oi = So-Si, 
= to + *ii ^10 = 2*0*1, Toi = to — *i 



(compare with Remark 4.2). It is easily shown that X(s,t) is birational to the Kummer surface 
of El X E2. More precisely, 8 curves 

El X {2-torsions of E2}, {2-torsions of i?i} x E2 
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are corresponding to 8 nodes 



• : 1 : : : 0] 



[0:0:0: : : 1] 



and 4x4 lines 



Sio 



joining 4 + 4 nodes are exceptioanl divisors obtained by blowing up at 2-torsions. Resolving 8 
nodes, we obtain the smooth Kummer surface. 



4.5. Remark. The 8 curves on Ei x E2 are fixed loci by 





lb 



er2(2,4), a 



-1 
1 



4.6. 1-dimensional boundary. Next we investugate fibers over a 1-dimensional boundary 

[Bo : : ^2 : B3] = [to : h : : 0] {[so : si] = [1 : 0]). 
Outside six 0-dimensional boundaries 

t = to/h = 0, 00, ±1, ±V^, 

the fiber l{t) is defined by 



Xl = (E4,5,6,7,8,9), 



rp rri T^2 



(El, 2), 



Toi^l + TooX| = (E10,13), 



TooXj 
TiqX^ 

ToiX^ + TiqX^ — TqoXq 
_ TooXl + TioXl - ToiXl =0 (E12, 15) . 

((E3) vanish identically). Because there are linear relations, 



TooX6^ = (Ell, 14), 



(ElO) = 

we have 7r^4 (t) = 1+ U y_ with 
X2 



pi(El) + ^(E12), 
-too -too 



(Ell) = ^(El) + pi(E12), 
-too -too 



00-^4 — -tOl^s 



TioXl 







yi = < 



^^00-^^3 + ^lO-'^s — ^01-^^6 = 



Xi = —X2 

00-^4 — -tOl^s — -t 10-^6 
^^00-^3 + TioXl — ToiXq = 







These surfaces are cones over an elliptic curve £' = y+nYL, and singular at [1 : ±1 : : : : 0]. 
4.7. 0-dimensional boundary. Let us investigate the fiber at a 0-dimensional boundary 

Po = [So : Si : B2 : B3] = [1 : : : 0] 
corresponding to [sq : si] x [to ■ ti] = [1 : 0] x [1 : 0]. Then 15 equations are 

'Xf-Xl = (E4, 5, 8, 9), 
XI -Xi = (Ell, 12, 14 , 15), 
[Xi-Xl = (El, 2, 10, 13) 

((E3), (E6) and (E7) vanish identically). The fiber 7r^4(Po) is a union of 8 projective plane: 





'X, 


= X2 




'X, 


= X2 




'x,= 


-X2 


+++ = < 


Xz 


= Xq , 


P++_ = < 


Xz 


= Xq , • ■ ■ 5 


P = < 


Xz = 


-Xe 




X, 


= ^5 




X, 


= -^5 




X,= 


-X5 
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and the dual graph (see |Pej ) is a cube (vertices, edges and faces represent irreducible compo- 
nents, double lines, poins of order 4 respectively). 




Figure 1. 



4.8. Theorem. (1) The 5-dimensional projective variety C x is smooth and simply 
connected. 

(2) The projection 712,4 : <^ — )• is the half-anticanonical map, and hence X has the Kodaira 
dimension k{X) = —00. 

Proof. (1) The smoothness is shown by the Jacobian criterion. Namely, we show that 
not all of 3-minors of the projective Jacobian matrix 

a(El,--- ,E15) 
d{Bo, ■ ■ ■ ,i?3,Xi, • • • ,Xq) 

of the equations (El), • • • , (E15) vanish. 

We first consider fibers over the 1-dimensional boundary 

L = {[to : h : : 0] \ [to : ti] G P\ TooT^Toi / 0} 

Since we have 



5(E1, E4, Ell) 



STboToiX]^ 



d{B2,B^,Xi) 

at points of 7r^4(-L), the variety X is smooth at points of {Xi 7^ 0} Pi 7r^4(L). On the other 
hand, we have 

5(E1, E4, Ell) 



d{Bo,B2,X^) 



(9(E1, E4, Ell) 



5(i?i,i?3,^6) 



—SXi{toX^ + tiX^){—tiToiX^ + to{TooX^ + T10X5 — ToiX^)} 
StiToiX\{toX'^ + iiXl), 

^XQ{toXl — tiX'^){—toToiXl + ti{TioXl — ToiXl + TooX|)} 



at points of {Xi = 0} n vr^4(-L). We see that these values do not vanish at the same time on 
{Xi = 0} n 'K2\{L) (see 4.6), and X is smooth along 'K2\{L). 



Similarly, we have the following 3-minors 



9(E1, E4, Ell) 



d{B2,B-i,Xi) 



sxl 



(9(E1, E4, Ell) 



5(E1, E4, Ell) 



9(Si, 53,^4) 



9(^1,52, X3) 

at points of 7r^4(Po)) that is, at points 

[Xi : ±Xi : X3 : X4 : ±Xi : ±^3] x [1 : : : 0] G C P^ x P^. 



8X1 
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Therefore the Jacobian matrix J has rank 3 at points of fibers over 0-dimensional and 1- 
dimensional boundaries, and X is smooth there. 

Now let SingX be the set of singular points of X. Then TT2,4{SingX) C is closed subvariety 
since 712,4 is proper. As we have seen, it holds 

TT2,4{SingX) D Qw C Qw - {boundaries} ^ (M/ri(4)) x (IH[/ri(4)) 

and TT2^4,{SingX) Qiq must be isolated points. However, the fibration over (EI/ri(4)) x 



(EI/ri(4)) is locally trivial as a topological space, and we see that TT2,i{SingX) n Qiq 
the r2-symmetry, we have T[2,A{SingX) n Qio = </> for z = 1, • • • ,10, and X is smooth. 
Since we have an exact sequence 



By 



7ri(a general fiber) — > -ki{X) — > 7ri(P^) — > 1 

of fundamental groups ([No], Lemma 1.5) , X is simply connected. 

(2) Let X be the ideal sheaf of A" C P'^ x P^. By the adjunction formula, we have 

ujx = Wp3xp5 (» N^{Z/Z^y 

where pi (resp. P2) is the projection to P'^ (resp. P^). Hence it is enough to show that 

a3(X/i2) ^p*Op3(-2) ®p;Op5(-6). 

Now the problem is to show equivalence of two divisors on a smooth variety, we may ignore 
subvarieties of codimension 2. So we restrict ourself to an open set 7r^^(C/9 U f/io) where 
f/j = P^ — Qi. Note that (El), (E2) and (E3) generate X over 7r^4(f7io) since they are given by 



42 



and det M = A\q as polynomials of i?o, • ' ' i -^3- Similarly, (E5), (E7) and (E8) generate X over 
7r^4(C/9) (see the action of g^ in Appendix). These basis are connected on 7r^4(?79 n f/io) by 











"0" 




xl 


+ M 


Xl 







M = 






xl 












-42 


-421 




-42 


-Al 


Al 


-42 
^9 


-Al 



(E5)- 
(E7) 
(E8) 



42 
^10 



■42 
42 

42 
^3 



-42 

-Al 
-Al 



42' 







"(El)" 






(E2) 


, det 




(E3) 





■42 

^2 



42 
.^3 



-42 
^4 

-Al 
-Al 



-42' 
^9 






842 44 



namely. 



44 
^9 



(E5) A (E7) A (E8) = -8-f-(El) A (E2) A (E3) 



Afo 



X 



Taking a standard affine open cover Vij = {Bi ^ 0, Xj 7^ 0} of 
coordinates changes for open sets Vij D 7r^4(?79) and Vk^i n 7r^4(C/io), we see that 



and considering 



a3(X/x2) ^p*Op3(-2)®p^Op5(-6). 



□ 



5. The 80 Rosenhain hyperplanes 

5.1. Let X and Y be as in Proposition 13.31 As classically known, Kummer surface Y contains 
two families of disjoint 16 lines in P^. One is 16 exceptional curves obtained by blowing up 16 
nodes, and another is 16 tropes, that are the images of translated theta divisors by 2-torsions 
(that is, tropes are given by '(?[^](2;,Q) = with a, 6 S ^^2). Each line intersects with 6 
lines in the opposite family. These lines are cut out by special hyperplanes called Rosenhain's 
hyperplanes. They cut out 8 lines consisting of 4 exceptional curves and 4 tropes, and there 
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are 80 such hyperplanes (see |GHj Chap. 6, |Huj Chap. VII). We can write down them by 
Riemann's theta relations. Putting x = 2z, y = u = v = Om |Mul p. 214, (Rch)]j we have 





' a+b+c+d ' 




" a+b—c—d ' 




' a—b+c—d ' 




' a—b—c+d ' 


'd 


e+f+g+h 




2 

e+f-g-h 




2 

e-f+g-h 




2 

e-f-g+h 




L 2 J 




L 2 J 




L 2 J 




L 2 J 



If the left hand side is a 4-th order odd theta function, then the right hand side must be a linear 
combination of Xi, • • • ,Xq. If this is the case, the above equation represents a hyperplane in 
cutting 4 tropes. 



5.2. For example, let us consider four functions 

/l(z)=^Q(z,0), /2(z) = 0p(z,f)), /3(^)--L00J 

The product F{z) = fi{z) ■ ■ ■ /^{z) has the same periodicity with 6'[qo](z, 0)^, and it satisfies 
F{—z) = —F{z). Namely, F{z) is a 4-th order odd theta function. In fact, we have 



^']]{z,n), u{z) = e[l\]{z,n). 



F{z) 



1 



by putting 



'=2 



d = f 



in the above theta relation. Denoting 2-torsion points + ^[f] € X by ^■'^ we have the 

following table for the vanishing property of F. 





00 


00 


00 


00 


01 


10 


11 


01 




00 


01 


10 


11 


00 


00 


00 


10 


oUiz) 




























• 




• 


• 






• 




• 












• 




• 






• 








10 


11 


01 


01 


11 


10 


10 


11 




01 


11 


01 


11 


01 


10 


11 


10 


oUiz) 






















• 








• 


• 






• 


• 








• 




• 






• 










• 


• 



Namely, F vanishes to order 3 at }]^, }g, J5 ^'^'^ 10 > ^^^^ out 4 exceptional curves corre- 
sponding to these points. 

5.3. In general, a product of four theta function with characteristics in ^7? /I? 

has the same periodicity with ^[oo](-z)'* iff 

a' + 6' + c' + d', a" + h" + c" + d" e Z, 
and it is an odd function iff 

2{a' ■ a" + b' ■ b" + c' ■ c" + d' ■ d") i Z. 

There are only 80 such combinations, and we can find them immediately by computer. To 
state the result, we introduce a few notations. We number characteristics from 1 to 16: 



1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 


00 


00 


00 


ou 


01 


10 


11 


01 


10 


11 


01 


01 


11 


10 


10 


11 


00 


01 


10 


11 


00 


00 


00 


10 


01 


11 


01 


11 


01 


10 


11 


10 
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We denote exceptional curves by Ei,--- ,Eiq, and tropes by Di,--- ,Diq according to this 
numbering. Finally, we write instead of AiAjA}^ and we denote divisors Di -\- ■ ■ ■ + Dj -\- 

Ek + --- + El hy Di^...j+Ek,..,i.' 

5.4. Theorem. Let X and Y be as in Proposition 13.31 and X[2] be the 2-torsion subgroup of 
X. 

(1) Rosenhain's hyperplanes for Y are given by 3-terms linear equation in Xi,--- ,Xq with 
coefficients Therefore each hyperplane is invariant under the action of a subgroup of 
X[2] of order 4 (see Remark 13. 4p . and each X[2]-orbit contains 4 hyperplanes. Representatives 
from twenty orbits are given explicitly in Appendix. 

(2) The trope Di is the intersection of four hyperplanes 

HI : ^1,3,6-^^4 + ^2,4,9-^^5 + ^5,7,8-^6 = 0, 

H2 : ^1^10,3X3 + A^^s^gX^ — A2,4jXq = 0, 

H5 : ^1,6,10-^^2 + Ai^^jX^ — ^2,8,9-^6 = 0, 

H14: : ^5,6,9X1 + ^1,2,7X3 — ^3,4,10-^^6 = 0, 
and the exceptional curve En is the intersection of four hyperplanes 

HI : -41,3,6^4 + -42,4,9-^^5 + -45,7,8-^6 = 0, 

H2 : Ai, 10,3X3 + ^5^8,9-^5 — -42,4,7^6 = 0, 

H5 : -41,6,10-^^2 + -44,5,7-^^^5 — -42,8,9-'^6 = 0, 
Hll : -43,6,10-^^1 + -42,7,8-''^5 — -44,5,9-^6 = 0. 

Note that other topes and exceptional curves are given by 16 translations. 

5.5. We have studied Kummer surfaces over complex numbers until now. However, our family 
is defined over Z, and the result is applied for a field k of char(fe) 7^ 2. In fact, we can easily 
show that (El), (E2), (E3) define a smooth complete intersection if j4j 7^ for i = 1, - ■ ■ ,10. 
It is a interesting problem to construct Kummer surfaces with 32 lines over small fields. For 
example, Kuwata and Shioda asked the probelm finding all elliptic fibrations on given K3 
surfaces in |KSj . and they proposed to find 32 lines on Kummer surfaces to attack this problem 
in the case of Kummer surfaces. (The problem for Jacobian Kummer surfaces were solved by 
Kumar in [Ku] over algebraically closed fields of characteristic 0. ) 

Now we can construct a Kummer surface with 32 lines defined over k if we have 

[5o : • • • : S3] X [Ai : • • • : ^10] G F\k) x F^k) 

satisfying j4j 7^ (i = 1, • • • , 10) and the quadric relations in Proposition 12.21 The author does 
not know whether such a point exists for A; = Q. For finite prime fields Fp, we do not have 
such a point if p = 3, 5, 7, 11, 13, 17. 

5.6. Example. Let us consider a finite prime field F19, and 5 = [1 : 3 : 3 : 3] € P^(Fi9). The 
image of b by the Veronese map Ver in Proposition 12.21 is 

[9 : 11 : 11 : 11 : 5 : 5 : 5 : 7 : 7 : 7] 
= [4 : 7 : 7 : 7 : -2 : -2 : -2 : 1 : 1 : 1] 
= [2^ : 8^ : 8^ : 8^ : 6^ : 6^ : 6^ : 1 : 1 : 1] G P^(Fi9), 
and we have a smooth Kummer surafce Yf, over F19 defined by 

Xf +4X| - 7X1 + 2X| = 0, 

X| +7X1-7X1- X| = 0, 

Xi -2X1 - X| + 2X| = 
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( X4 + 7X5 - 2Xe = 0, 
3X3 - 6X5 + 4^6 = 0, 
7X2 - 3X5 + 8X6 = 0, 
2X1 - X3 + 7X6 = 0, 



En : <^ 



f X4 + 7X5 - 2X6 = 0, 
3X3 - 6X5 + 4X6 = 0, 
7X2 - 3X5 + 8X6 = 0, 

tXi+X3-X6 = 0. 



The Rosenhain normal form (Remark 13. 5p of the corresponding curve of genus two is 

y"^ = x{x - l){x - 4)(x - 9)(x - 11). 



Appendix A. 

A.l. We look at the action of r2 on the projective coordinates of ^2(4,8) and Y = Km(X). 
For unimodular transformations 



ai 








ai = D, "2 = [n], as = [h\], "4 = ill], "5 



translations 



1 ft 
1 



/3i 



[00] > ft 



ft 



and J 



-1 

1 



we have the following table, where C = exp(27ri/8). 



1 


Ai 


A2 


^3 


Ai 




^6 


A-j 


^8 


^9 


^10 


gi 


Ai 


A3 


A2 


Ai 


^6 


^5 


A-j 


^9 


^8 


^10 


92 


Ai 


A2 




A3 


A, 


^6 


^5 


^10 


^9 


-^8 


93 


Ai 


A, 


^3 


A2 


^5 


^7 


^6 


^8 


^10 


-^9 


94 


Ai 


A3 


Ai 


A2 


A7 


^5 


^6 


^10 


^8 


-^9 


95 


Ai 


A, 


A2 


A3 


^6 


A, 


^5 


^9 


^10 


-^8 


hi 


A3 


Ai 


Ai 


A2 


^8 


Ca^ 


Ca^ 


^5 


CA^ 




h2 


Ai 


A2 


A3 


Ai 


^8 


^9 




^5 


^6 




hs 


A2 


Ai 


Ai 


A3 




^9 






^6 




J 


Ai 


^5 


A^ 


A-j 


A2 


^3 


Ai 


^9 


^8 


-^10 



1 


Xi 


X2 


^3 


Xi 


X5 


Xq 


9\ 


X4 


X5 


Xg 


Xi 


X2 


X3 


92 


X3 


-X6 


Xi 


X5 


Xi 


X2 


93 


X2 


Xi 


X5 


Xq 


-X3 


Xi 


94 


Xe 


-X3 


Xi 


X2 


Xi 


X5 


95 


X5 


X4 


X2 


X3 


-Xq 


Xi 


hi 


X2 


Xi 


CX3 


('Xi 




C'Xe 


h2 


X2 


Xi 


-iXe 


X5 


Xi 


-iX3 


h3 


C'Xi 


C'^^2 


C'X3 


X5 


Xi 


CXe 


J 


iXi 


iXa 


iX2 


iXi 


iXg 


iXs 
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A. 2. From the above table, we see that the equation (El) is transformed in the following 
equations: 





(El) 


lU i 


+ Ajxj 


a'^y'^ 

^2^5 


42 y"^ 
^5^6 


= 


(E2) = 


= h^(El) 




+ Aixj 

' o 4 


^4^5 


42^2 


= 


(E3) 


= J(E2) 




+ Afixf 


^9^5 


-Alxl 


= 


(E4) = 


= Q^ (El) 


11 


- ^2X2 - 
3 2 


_ 42 Tr2 1 /i2 x-2 
^6^3 ^10^4 


= 


(E5) = 


= Q^ (E2) 


^2 V2 - 
2 1 


- ^2^2 - 
4 2 


-^9^l+^?0^l 


= 


(E6) = 


= q^ (E3) 


5 1 


8 2 


_ 42 1^2 _|_ a2 x-2 
^7^3 ^ ^10^6 


= 


(E7) 


= 04 (E3) 


^ ^8 1 


- AiXo 


- Alxl 


+ Alxl 


= 




= 04 (El) 


^ ^3^'- 1 


- AiXo 


+ Alxl 


-Alxl 


= 




— ?)ol'F,S'l 

— ?t3\^rjOj 




^2^2 


+ Alxl 


-Alxl 


— n 

— u 


(ElO) 


= J(E9) 


A^jXl 


-Alxl 


+ Alxl 


-Alxl 


= 


(Ell) 


= 55 (E2) 


Alxl 


-Alxl 


- Alxl 


+ Alxl 


= 


(E12) 


= 55(E1) 


Alxl 


-Alxl 


- Alxl 


+ Alxl 


= 


(E13) 


= <?2(E1) 


Alxl 


-Alxl 


+ Alxl 


-Alxl 


= 


(E14) 


= 53 (El) 




-Alxl 


- Alxl 


+ Alxl 


= 


(E15) = 


: /l3(E14) 


^6^2 


-Alxl 


- Alxl 


+ Alxl 


= 



A. 3. Twenty of eighty Rosenhain's hyperplanes. By the action of 2-torsion points (Re- 



mark EH]), we can 


get 80 Rosenhain's hyperplanes from the following 20 ones. 


HI : 


^1,3,5X4 + ^2,4,9X5 + A^j^sXq - 


= 0, 


-^1,3,6, 14 + -^10,11, 12, 13 


H2 : 


^1,10,3X3 + ^5^8,9X5 — ^2,4,7X6 


= 0, 


-^1,3,10,13 + -£'6,11,12,14 


H3 : 


^2,4,10X3 — ^5,6,8^4 — Ai^^jXq 


= 0, 


-^1,3,7,16 + -£"9,11, 12, 15 


HA : 


^5,8,10X3 + ^2,4,6^4 + ^1^3^9X5 


= 0, 


-^1,3,9, 15 + -£^7,11,12,16 


H5 : 


^1,6,10X2 + ^4,5,7X5 — ^2,8,9X5 


= 0, 


-^1,6,10,12 + -£'3,11,13,14 


H6 : 


^2,9,10X2 — ^3,5,7X4 — ^1^6,8X6 


= 0, 


-Cl,6,8,16 + -£'4,11,13,15 


H7 : 


^5,7,10X2 + ^2,3,9X4 + ^1,4,6X5 


= 0, 


-Cl,4,6,15 + -£"8,11, 13,16 


H8 : 


^6,8,9X2 — ^3,4,7X3 + ^1,2,10X5 


= 0, 


-^1,2, 10,16 + -£'5,11,14,15 


H9 : 


^4,6,7X2 — ^3^8^9X3 + ^1^5^10X5 


= 0, 


-Dl,5, 10,15 + -£'2,11,14,16 


HIO : 


^3,7,9X2 — ^4^6,8X3 + ^2,5,10X4 


= 0, 


-^2,5, 10,14 + -^2, 5, 10, 14 


Hll : 


^3,6,10X1 + ^2,7,8X5 — ^4^5,9X6 


= 0, 


-^3,6,10,11 + -£'3,6,10,11 


H12 : 


^4,9,10X1 — yli ^,8X4 — ^3^5,6X6 


= 0, 


-^3,5,6, 16 + -£'4,9,10,11 


H13 : 


^7,8,10X1 + Ai^^^gX^ + ^2,3,5X5 


= 0, 


-^2,3,6, 15 + -£'7,8,10,11 


HU : 


^5,6,9X1 + ^1^2,7X3 — ^3,4,10X6 


= 0, 


-^1,2,7,13 + -£^8,12,14,15 


H15 : 


^2,6,7X1 + ^1^5^9X3 — ^3^8,10X5 


= 0, 


-Dl, 5,9,13 + -£-4,12,14,16 


H16 : 


^1,7,9X1 + ^42,5,5X3 — ^4,8,10X4 


= 0, 


-^2,5,6,13 + -£-4,8,10,14 


H17 : 


^3,4,5X1 + ^1,2,8X2 + ^6,9,10X6 


= 0, 


-Cl, 2,8,12 + -£^7,13,14,15 


H18 : 


^2,3,3X1 + ^1,4,5X2 + ^6,7,10X5 


= 0, 


-^1,4,5,12 + -£-9,13,14,16 


H19 : 


^1,4,3X1 + ^42,3,5X2 + A7^9_ioX4 


= 0, 


-^2,3,5,12 + -£-7,9,10,14 


H20 : 


^1,2,5X1 + ^43^4^8X2 + Ag, 7,9X3 = 


= 0, 


-^1,2,5,11 + -£'10,14,15,16 
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